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4L zrxog olnh wr wkdqn Hqqlr Fdyd}}xwl/ Pdvvlpr Pdulqdffl/ Vwhskhq Pduwlq/
Pdqxhod Prvfd dqg Ulffdugr Uryhool iru frpphqwv dqg glvfxvvlrq1 Wkh xvxdo
glvfodlphu dssolhv1
Devwudfw
D phwkrgrorjlfdo glvfxvvlrq lv sursrvhg/ dlplqj dw vkrzlqj wkdw jdph wkh0
ru| lq sduwlfxodu +dqg pdwkhpdwlfdo hfrqrplfv lq jhqhudo, dqg txdqwxp
phfkdqlfv duh lvrprusklf1 Wklv uhvxow uholhv rq wkh htxlydohqfh ri wkh wzr
ixqgdphqwdo rshudwruv hpsor|hg lq wkh wzr hogv/ qdpho|/ wkh h{shfwhg ydoxh
lq hfrqrplfv dqg wkh ghqvlw| pdwul{ lq txdqwxp sk|vlfv1 Wklv frlqflghqfh
fdq eh wudfhg edfn wr wkh frqwulexwlrqv ri yrq Qhxpdqq lq erwk glvflsolqhv1
MHO Fodvvlfdwlrq= E58/ E74/ F:3
Nh|zrugv= h{shfwhg ydoxh/ ghqvlw| pdwul{/ xqfhuwdlqw|
4 Lqwurgxfwlrq
Ryhu wkh odvw iwhhq |hduv/ d jurzlqj dprxqw ri dwwhqwlrq kdv ehhq ghyrwhg
wr wkh klvwru| ri jdph wkhru|1 Dprqj rwkhu uhdvrqv/ wklv lqwhuhvw fdq odujho|
eh mxvwlhg rq wkh edvlv ri wkh Qreho sul}h wr Qdvk/ Kduvdq|l dqg Vhowhq lq
4<<714
Krzhyhu/ wkh olwhudwxuh ghdolqj zlwk wkh klvwru| ri jdph wkhru| pdlqo|
dgrswv dq lqqhu shuvshfwlyh/ l1h1/ dq dqjoh wkdw doorzv xv wr uhfrqvwuxfw wkh
ghyhorsphqwv ri wklv vxe0glvflsolqh xqghu wkh jhqhudo khdglqjv ri hfrqrplfv1
P| dlp lv glhuhqw/ wr wkh h{whqw wkdw L lqwhqg wr sursrvh dq lqwhusuhwdwlrq
ri wkh irupdo uhodwlrqvklsv ehwzhhq jdph wkhru| +dqg hfrqrplfv, dqg wkh
kdug vflhqfhv1
D odujho| dffhswhg ylhz pdlqwdlqv wkdw wkh irxqgdwlrqv ri erwk jdph wkh0
ru| dqg/ lq jhqhudo/ frqwhpsrudu| pdwkhpdwlfdo hfrqrplfv duh wr eh irxqg
lq Wkh Wkhru| ri Jdphv dqg Hfrqrplf Ehkdylru +yrq Qhxpdqq dqg Pru0
jhqvwhuq/ 4<77,15 Iurp wkdw zrun rqzdugv/ zh revhuyh wkh zlghvsuhdg xvh
ri wkh rshudwru nqrzq dv h{shfwhg ydoxh lq hfrqrplfv1 Wudglwlrqdoo|/ dqg
fruuhfwo|/ wkh urrwv ri vxfk rshudwru duh wudfhg edfn wr vwdwlvwlfv +vhh Ilvk0
exuq dqg Zdnnhu/ 4<<8/ dqg wkh uhihuhqfhv wkhuhlq,1 Krzhyhu/ wklv ylhz
4Rq wkh klvwru| ri jdph wkhru|/ vhh Dxpdqq +4<;8/ 4<;:/ 4<<<,/ Zhlqwudxe +4<<5,/
Ohrqdug +4<<7/ 4<<8, dqg P|huvrq +4<<<,/ lqwhu dold1 Rq wkh dssudlvdo ri wkh uroh ri jdph
wkhru| lq frqwhpsrudu| hfrqrplfv/ vhh ydq Gdpph dqg Zhlexoo +4<<8,1
5Lq yrq Qhxpdqq dqg Prujhqvwhuq +4<77,/ wkh frqfhsw ri vwdeoh vhw iru frrshudwlyh
jdphv frpsohphqwv wkh plqlpd{ wkhruhp +yrq Qhxpdqq/ 4<5;, iru qrqfrrshudwlyh jdphv1
Krzhyhu/ wkh odwwhu lv dssolfdeoh rqo| lq }hur vxp jdphv1 Qdvk +4<83, lqwurgxfhg dq
htxloleulxp frqfhsw iru qrq0}hur vxp qrqfrrshudwlyh jdphv/ dqg wkh edujdlqlqj vroxwlrq
iru frrshudwlyh jdphv +Qdvk/ 4<84,1
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grhv qrw judvs dq lqwhuhvwlqj dvshfw lq frpprq ehwzhhq pdwkhpdwlfdo hfr0
qrplfv dqg sk|vlfv/ lq sduwlfxodu txdqwxp sk|vlfv/ wkdw lv/ wkh idfw wkdw erwk
wkhrulhv wudqvplw d odujho| dqdorjrxv phvvdjh frqfhuqlqj rxu nqrzohgjh +ru
uhsuhvhqwdwlrq, ri uhdo zruog skhqrphqd1 Rxu h{ dqwh nqrzohgjh +l1h1/ rxu
iruhfdvwlqj fdsdelolw|, lv ghqhg lq wkh vdph suredelolvwlf whupv/ lqghshq0
ghqwo| ri zkhwkhu zh h{dplqh wkh ehkdylrxu ri vxedwrplf sduwlfohv ru wkh
ehkdylrxu ri upv dqg frqvxphuv1
Zkdw L zdqw wr vkrz lq wkh uhpdlqghu lv wkdw wklv frlqflghqfh +srlqwlqj
xowlpdwho| wr wkh lghd wkdw rxu nqrzohgjh lv prghoohg lq wkh vdph zd| luuh0
vshfwlyho| ri wkh vshflf hog6,/ kdv ehhq odujho| vkdshg wkurxjk wkh dfwlylw|
ri d vlqjoh uhvhdufkhu/ Mrkq yrq Qhxpdqq/ zkr/ ryhu d gr}hq |hduv +4<650
77, kdv c{hg* wkh edvlf lghdv lq erwk glvflsolqhv e| jlylqj wkhp wkh vdph
phwkrgrorj|/ wkxv pdnlqj wkhp odujho| lvrprusklf wr hdfk rwkhu1 Wkh nh| wr
wklv lqwhusuhwdwlrq lv wkh rshudwru odehoohg dv h{shfwhg ydoxh e| hfrqrplvwv
dqg ghqvlw| pdwul{ e| sk|vlflvwv1
Lq wkh uvw hglwlrq +lq Jhupdq, riPdwkhpdwlfdo Irxqgdwlrqv ri Txdqwxp
Phfkdqlfv/ yrq Qhxpdqq +4<65, dgrswv wkh whup Huzduwxqjvzhuw/ zklfk
lq Hqjolvk lv h{shfwdwlrq ydoxh1 Wklv dovr dsshduv lq yrq Qhxpdqq dqg
Prujhqvwhuq +4<77,/ zkloh lq wkh iroorzlqj hfrqrplf olwhudwxuh lw xvxdoo|
ehfrphv h{shfwhg ydoxh1 Lq sk|vlfv/ h{shfwdwlrq ydoxh lv xvhg wr lqglfdwh
wkh hohphqwdu| qrwlrq ri wkh pdwkhpdwlfdo h{shfwdwlrq ri d udqgrp yduldeoh/
zkloh ghqvlw| pdwul{ lqglfdwhv/ udwkhu orrvho| vshdnlqj/ wkh udqgrp rxwfrph
ri dq h{shulphqw1
Lq wkh iroorzlqj vhfwlrq/ L rhu d vxfflqfw ylhz ri wkh irupdo htxlydohqfh
6Rq wklv lvvxh/ vhh Shqurvh +4<;<,1
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ehwzhhq wkh wzr wkhrulhv +dqg wkh zd| wkh| exlog xs wkhlu suhglfwlyh srzhu,/
wkurxjk d zhoo nqrzq sdudeoh lq txdqwxp sk|vlfv1
5 Wkh lvrprusklvp ehwzhhq pdwkhpdwlfdo hfr0
qrplfv dqg txdqwxp sk|vlfv= d vnhwfk
Txdqwxp sk|vlfv +dqg lwv surshu vxevhw/ txdqwxp phfkdqlfv, fdq dssur{0
lpdwho| eh frqvlghuhg +qrw doo sk|vlflvwv djuhh rq wklv pdwwhu, dv d jhq0
hudolvdwlrq ri Qhzwrqldq sk|vlfv +dqg phfkdqlfv,1 Lq sduwlfxodu/ zkhq wkh
skhqrphqd ehlqj lqyhvwljdwhg lqyroyh +l, vshhgv zklfk duh frqvlghudeo| orzhu
wkdq wkh vshhg ri oljkw lq ydfxxp> +ll, vx!flhqwo| orz judylw|> dqg +lll, re0
mhfwv zklfk duh qhlwkhu wrr vpdoo qru wrr elj/ wkhq rqh fdq surfhhg dffruglqj
wr wkh vwdqgdug Qhzwrqldq prgho1 \hw/ zkhq lw frphv hlwkhu wr wkh yhu|
edvlf sduwlfohv +h1j1/ vxe0dwrplf sduwlfohv olnh hohfwurqv,/ ru wr wkh ehkdylrxu
ri remhfwv fkdudfwhulvhg e| dq h{wuhpho| kljk judylwdwlrqdo irufh +h1j1/ eodfn
krohv/ txdvduv dqg sxovduv,/ txdqwdo ihdwxuhv ehfrph vr uhohydqw wkdw wkh|
fdqqrw eh glvuhjdughg1
Dv dq looxvwudwlyh h{dpsoh/ frqvlghu wkh vwru| wudglwlrqdoo| nqrzq dv
Vfkuùglqjhu*v sdudgr{ ru Vfkuùglqjhu*v fdw0lq0wkh0er{/ zklfk L dp derxw
wr whoo dffruglqj wr d yxojdwd frpprqo| dgrswhg lq wkh fxuuhqw olwhudwxuh lq
wkh hog17
7Huzlq Vfukùglqjhu/ wrjhwkhu zlwk Erku/ Hlqvwhlq/ Gludf/ Khlvhqehuj dqg Sdxol/ lv rqh
ri wkh irxqglqj idwkhuv ri txdqwxp sk|vlfv1 Wkh uhpdlqghu ri wklv vhfwlrq eruurzv iurp
Kdznlqj dqg Shqurvh +4<<9, dqg Shqurvh +4<<:,1 Iru ixuwkhu +dqg pxfk pruh whfkqlfdo,
uhdglqjv/ vhh Vdnxudl +4<;8,/ Vfkzdeo +4<<5,/ dqg Jdvlrurzlf} +4<<9,/ lqwhu dold1
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Wklv sdudgr{ uhihuv wr dq h{shulphqw/ zkhuh d fdw lv orfnhg lq d er{/ lq
iurqw ri d kdqgjxq/ zklfk lv ordghg18 Wkh er{ lv rsdtxh wr erwk oljkw dqg
vrxqg/ vr wkdw wkh sk|vlflvw pxvw rshq lw wr revhuyh wkh fdw*v frqglwlrqv1
Wkh wuljjhu lv olqnhg wr d vhqvru/ orfdwhg rxwvlgh wkh er{/ lq iurqw ri d exoe1
Dvvxph wkh sk|vlflvw fdq vzlwfk rq wkh exoe/ surgxflqj d vlqjoh txdqwxp
ri oljkw +d skrwrq, dw d wlph1 Wkh vhqvru phdvxuhv wkh vslq ri wkh skrwrq1
Lq wkh uhpdlqghu/ L zloo dvvxph frqyhqwlrqdoo| wkh iroorzlqj1 Li wkh skrwrq
urwdwhv uljkwzdugv +l1h1/ wkh vslq lv srvlwlyh,/ wkhq wkh vhqvru sxoov wkh ursh
+dqg wkh wuljjhu,/ dqg wkh kdqgjxq vkrrwv wkh fdw ghdg1 Li lqvwhdg wkh skrwrq
urwdwhv ohiwzdugv +l1h1/ wkh vslq lv qhjdwlyh,/ wkhq wkh vhqvru grhv qrw sxoo wkh
ursh +dqg wkh wuljjhu,/ vr wkdw wkh fdw vxuylyhv1
Wkh sdudgr{ wdnhv sodfh lq wkh sk|vlflvw*v plqg ehiruh wkh h{shulphqw lv
fduulhg rxw/ ru/ htxlydohqwo|/ ehiruh kh rshqv wkh er{ wr vhh zkhwkhu wkh fdw
lv vwloo dolyh ru qrw1 Wkh sk|vlflvw nqrzv wkdw/ h{ srvw/ wkh fdw lv jrlqj wr
eh hlwkhu ghdg ru dolyh1 Krzhyhu/ h{ dqwh/ wkh wzr vwdwhv ri wkh v|vwhp0fdw
+l1h1/ dolyh dqg ghdg, dv zhoo dv wkh wzr vwdwhv ri wkh zruog +wkdw fdq eh
odehoohg dv wkh kdqgjxq vkrw ehfdxvh wkh vslq zdv srvlwlyh/ dqg wkh kdqgjxq
glgq*w vkrrw ehfdxvh wkh vslq zdv qhjdwlyh, frh{lvw lq wkh h{shulphqwhu*v
plqg1 Wklv sdudgr{ shuvlvwv xqwlo kh rshqv wkh er{ wr revhuyh wkh fdw*v
8Wklv fdq eh ylhzhg dv d Jhgdqnhqh{shulphqw +wkrxjkw h{shulphqw,/ lq wkdw zh pxvw
qrw qhfhvvdulo| orfn d fdw lqwr d er{ wr yhuli| wkh ydolglw| ri zkdw iroorzv1 Lq jhqhudo/ d
Jhgdqnhqh{shulphqw lv frqvlvwhqw zlwk wkh nqrzq odzv ri sk|vlfv/ hyhq wkrxjk lw pd|
qrw eh whfkqlfdoo| ihdvleoh1 Vr/ phdvxulqj wkh dffhohudwlrq gxh wr judylw| rq wkh vxuidfh ri
wkh vxq lv d Jhgdqnhqh{shulphqw/ zkhuhdv phdvxulqj wkh Grssohu vkliw ri vxqoljkw dv vhhq
iurp d vsdfh vkls prylqj zlwk wzlfh wkh yhorflw| ri oljkw lv qrqvhqvh +Jdvlrurzlf}/ 4<<9/
s1 54/ iq1 47,1 Lq wkh suhvhqw fdvh/ uhsodfh whfkqlfdoo| ihdvleoh zlwk srolwlfdoo| fruuhfw1
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khdowk frqglwlrqv1
L zloo irupdolvh wkh h{shulphqw e| lqwurgxflqj wkh iroorzlqj=
Ghqlwlrq 4   iS@c S_j lv wkh zdyh ixqfwlrq/ ru wkh vwdwh yhfwru ri wkh
v|vwhp +wkh fdw,1
Lq Ghqlwlrq 4/ lqwxlwlyho|/ S@ ' wkh fdw lv dolyh> S_ ' wkh fdw lv ghdg1
Pruhryhu/
Ghqlwlrq 5 i  irc _rj lv wkh yhfwru ri wkh vwdwhv ri wkh zruog1
Lq Ghqlwlrq 5/ lqwxlwlyho|/ r ' wkh kdqgjxq vkrw +ehfdxvh wkh vslq
zdv srvlwlyh,> _r ' wkh kdqgjxq glg qrw vkrrw +ehfdxvh wkh vslq zdv
qhjdwlyh,1
Ilqdoo|/ zh kdyh
Ghqlwlrq 6 )  iS@c S_j lv wkh vwdwh yhfwru ri wkh sk|vlflvw fduu|lqj rxw
wkh h{shulphqw1
Wkh uhdvrq zk| ) vhhpv wr frlqflgh zlwk wkh zdyh ixqfwlrq  zloo ehfrph
fohdu lq wkh uhpdlqghu1 Wkh h{ dqwh ryhuodsslqj ehwzhhq wkh vwdwhv ri wkh
v|vwhp/ lv dffrxqwhg iru e| wkh wrwdo vwdwh yhfwru ri wkh v|vwhp=
m
|J|
l ' /mS@ln 4mS_l +4,
zkhuh erwk / dqg 4 ehorqj wr F dqg ml lv fdoohg nhw1 Lwv frpsohphqw k m
lv fdoohg eud/ dqg k ml lv fdoohg Gludf*v eudfnhwv/ diwhu S1D1P1 Gludf zkr
lqwurgxfhg wklv whuplqrorj| lq 4<63 +vhh Gludf/ 4<63/ 4<8;e> vhh dovr Gludf/
4<58,1
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Dv vrrq dv wkh h{shulphqwhu rshqv wkh er{ wr revhuyh wkh vwdwh ri wkh
v|vwhp/ wkh zdyh ixqfwlrq  froodsvhv/ wkdw lv/ wkhuh wdnhv sodfh wkh vr0fdoohg
uhgxfwlrq ri wkh vwdwh yhfwru m
|J|
l Khqfh/ wkh h{shulphqwhu revhuyhv hlwkhu
S@ ru S_/ exw vxuho| qrw erwk vwdwhv dw wkh vdph wlph1 Rq wkh frqwudu|/ dv
orqj dv wkh h{shulphqwhu grhv qrw rshq wkh er{/ wkh wzr vwdwh frh{lvw lq d
txdqwdo vhqvh19
Iru uhdvrqv wkdw L gr qrw gzhoo xsrq khuh/ / dqg 4 duh frpsoh{ qxpehuv1:
Lq sduwlfxodu/ zkdw L dp lqwhuhvwhg lq/ lv wkh lqirupdwlrq wkdw wkh prgxoxv
ri erwk / dqg 4 lv htxdo wr *
s
2 Wr wkh vtxduh/ wklv |lhogv *2c zklfk lv wkh
suredelolw| wkdw wkh skrwrq kdyh hlwkhu d srvlwlyh ru d qhjdwlyh vslq1 Wklv/ dv
zh vkdoo vhh lq wkh uhpdlqghu/ kdv uhohydqw ehdulqjv xsrq p| dlp ri vkrzlqj
wkh h{lvwhqfh ri dq lvrprusklvp ehwzhhq txdqwxp sk|vlfv dqg pdwkhpdwlfdo
hfrqrplfv +jdph wkhru| lq sduwlfxodu,1
Wkh wrwdo vwdwh yhfwru ri wkh h{shulphqwhu fdq eh frqvwuxfwhg wr orrn olnh
wkdw ri wkh v|vwhp +exw uhfdoo wkdw wkh wzr yhfwruv gr qrw frlqflgh,=
k)
|J|
m ' /kS@mn 4kS_m c / ' 4 ' *
s
2  +5,
Lq suredelolvwlf whupv/ wkh h{shulphqwhu*v h{ dqwh nqrzohgjh derxw wkh
vwdwhv wkdw wkh v|vwhp fdq wdnh h{ srvw lv vxppdulvhg e| wkh vr0fdoohg ghqvlw|
pdwul{=
( '

2
mS@lkS@mn

2
mS_lkS_m c +6,
9Sk|vlflvwv kdyh olyho| dujxphqwv frqfhuqlqj wkh dowhuqdwlyh lqwhusuhwdwlrq ri vxfk d
vwdwhphqw/ l1h1/ zkhwkhu vwdwhv fd dqg fg frh{lvw lq sdudooho xqlyhuvhv ru lq wkh h{shul0
phqwhu*v plqg1 Dv idu dv wkh suhvhqw sdshu lv frqfhuqhg wklv glvwlqfwlrq/ dowkrxjk lqwuljx0
lqj/ fdq eh glvuhjdughg1
:Vhh wkh dsshqgl{1 Iru ixuwkhu glvfxvvlrq/ vhh/ lqwhu dold/ Vdnxudl +4<;8,/ Vfkzdeo
+4<<5, dqg Jdvlrurzlf} +4<<9,1
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zklfk lv ghqhg dv wkh vfdodu surgxfw ri wkh wzr wrwdo vwdwh yhfwru/ l1h1/
m
|J|
l  k)
|J|
m Wkh lqwurgxfwlrq ri wkh ghqvlw| rshudwru fdq eh wudfhg edfn
wr Gludf +4<63/ 4<8;e, dqg uhdsshduv lq yrq Qhxpdqq +4<65 ^4<88`,1 Wklv
lqglfdwhv wkdw wkh lvrprusklvp ehwzhhq +l, wkh wkhru| ri h{shfwhg xwlolw|/
jdph wkhru| dqg frqwhpsrudu| pdwkhpdwlfdo hfrqrplfv lq jhqhudo/ rq rqh
vlgh> dqg +ll, txdqwxp phfkdqlfv rq wkh rwkhu vlgh/ fdq kdugo| eh frqvlghuhg
dv dfflghqwdo1
Lq Wkhru| ri Jdphv dqg Hfrqrplf Ehkdylru/ yrq Qhxpdqq pdnhv xvh
ri d wrronlw eruurzhg iurp Gludf*v irupdolvdwlrq ri txdqwxp phfkdqlfv/;
Krzhyhu/ yrq Qhxpdqq grhv qrw erwkhu wr pdnh lw h{solflwo| nqrzq hlwkhu
wr hfrqrplvwv ru wr sk|vlflvwv1
H{suhvvlrq +6, fdq eh uhzulwwhq htxlydohqwo| dv iroorzv=
( '

2
kS@mS@l n

2
kS_mS_l c +7,
iurp zklfk wkhuh hphujhv d fohdu dqdorj| zlwk zkdw hfrqrplvwv zrxog fdoo
h{shfwhg ydoxh1 Lqghhg/ /2 ' 42 ' *2 duh wkh suredelolwlhv wkdw wkh vslq
ri wkh skrwrq eh hlwkhu srvlwlyh ru qhjdwlyh1 Wkhuhiruh/ wkh ghqvlw| pdwul{
fruuhvsrqgv wr wkh h{shfwhg ydoxh ri wkh h{shulphqw/ zklfk dq hfrqrplvw
zrxog zulwh=
.Eh{shulphqw '

2
ES@ m S@ n

2
ES_ m S_  +8,
Qrwlfh wkdw wkh deryh uhdgv wkh vdph lq erwk glvflsolqhv/ lqghshqghqwo| ri
zkhwkhu zh zulwh lw dv lq +7, ru dv lq +8,/ l1h1/ zlwk suredelolw| 425 L zloo
;
yrq Qhxpdqq klpvhoi prwlydwhv klv lqwhuhvw lq txdqwxp sk|vlfv rq wkh edvlv ri klv
glvvdwlvidfwlrq zlwk Gludf*v irupdolvdwlrq ri wkh wkhru| +Gludf/ 4<63/ 4<8;7,/ lq sduwlfxodu
zlwk wkh  ixqfwlrq +vhh wkh dxwkru*v suhidfh lq yrq Qhxpdqq/ 4<65 ^4<88`,1
:
revhuyh d ghdg fdw ehfdxvh wkh fdw lv lq idfw ghdg +ru/ ehfdxvh wkh kdqgjxq
vkrw/ dv wkh vslq zdv srvlwlyh,/ dqg zlwk wkh vdph suredelolw| L zloo revhuyh
wkdw wkh fdw lv vwloo dolyh +ehfdxvh wkh kdqgjxq glg qrw vkrrw/ dv wkh vslq zdv
qhjdwlyh,1 Revhuyh wkdw wkh phdqlqj ri v|pero m lq eudfnhwv lv h{dfwo| wkh
vdph lq erwk fdvhv1
Wkh deryh ghvfulehv wkh surfhgxuh xvxdoo| dgrswhg lq hfrqrplfv wr vroyh
jdphv lq pl{hg vwudwhjlhv1<
Dw wklv vwdjh/ rqh frxog uhzulwh +8, lq whupv ri wkh yhfwru ri wkh vwdwhv ri
wkh zruog/ i G
.EerR '

2
ES@ m _r n

2
ES_ m r  +9,
Qrz L zrxog olnh wr vwuhvv wkdw/ zkhq hfrqrplvwv exlog xs wkh h{shfwhg
ydoxh ri dq djhqw*v sd|r/ wkh| idfh h{dfwo| wkh vdph nlqg ri sdudgr{ zklfk
L kdyh looxvwudwhg deryh frqfhuqlqj wkh uhgxfwlrq ri wkh vwdwh yhfwru lq wkh
Vfkuùglqjhu*v fdw h{dpsoh1 Khqfh/ dovr lq hfrqrplfv wkh lvvxh lv wkh wudqvl0
wlrq iurp wkh h{ dqwh +txdqwdo, suhylvlrq wr wkh h{ srvw +Qhzwrqldq, revhu0
ydwlrq1 Lq erwk vhwwlqjv/ wkh olplw wr rxu nqrzohgjh lv lqkhuhqwo| jlyhq e|
wkh lqghwhuplqdf|43 dvvrfldwhg wr +l, wkh phdvxuhphqw lq sk|vlfv dqg +ll,
<Wkh vdph glvfxvvlrqv wdnlqj sodfh dprqjvw hfrqrplvwv frqfhuqlqj wkh lqwhusuhwdwlrq
ri d Qdvk htxloleulxp lq pl{hg vwudwhjlhv dv rssrvhg wr wkh sxuh0vwudwhj| htxloleulxp/ dovr
rffxu dprqjvw sk|vlflvwv dv wr wkh fuhglelolw| ri wkh txdqwlvwlf ghvfulswlrq ri wkh zruog/
dv rssrvhg wr wkh Qhzwrqldq ghvfulswlrq1 Wkh odwwhu glvfxvvlrq fdq eh wudfhg edfn wr wkh
idprxv glvsxwh ehwzhhq Qlhov Erku dqg Doehuw Hlqvwhlq/ zkr/ zkloh ehlqj rqh wkh idwkhuv
+dowkrxjk ohvv wkdq yroxqwdulo|, ri txdqwxp wkhru|/ fodlphg wkdw Jrg grhvq*w wrvv dq|
glhv1 Iru d frqwhpsrudu| uhylvlwdwlrq ri wkh glvsxwh/ vhh Kdznlqj dqg Shqurvh +4<<9,/
zlwk Kdznlqj lq Erku*v uroh dqg Shqurvh lq Hlqvwhlq*v1
43Wklv lv wkh vr0fdoohg Khlvhqehuj*v sulqflsoh/ zklfk fdq eh jlyhq d yxojdwd wkurxjk wkh
iroorzlqj h{dpsoh1 Zh fdqqrw nqrz dw wkh vdph wlph krz idvw dq hohfwurq lv prylqj/ dqg
;
wkh +udqgrp, wudqvlwlrq iurp d pl{hg vwudwhj| wr d sduwlfxodu sxuh vwudwhj|
lq jdph wkhru|144
Wkh dqdorj| zlwk zhoo nqrzq vlwxdwlrqv lq jdph wkhru| lv txlwh lpphgl0
dwh1 Frqvlghu wkh iroorzlqj jdph lq qrupdo irup1
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Pdwul{ 4
Lq jhqhudo/ wkh jdph uhsuhvhqwhg lq pdwul{ 4 kdv dw ohdvw dq htxloleulxp
lq pl{hg vwudwhjlhv +dqg srvvleo| vhyhudo lq sxuh vwudwhjlhv,1 Ghqh dv k
wkh suredelolw| wkdw sod|hu  fkrrvhv vwudwhj| @c dqg q wkh suredelolw| wkdw
sod|hu  fkrrvhv r1 Reylrxvo|/ wkh suredelolwlhv wkdw K dqg _ duh fkrvhq duh/
uhvshfwlyho|/  k dqg  q Zh fdq zulwh wkh h{shfwhg ydoxh ri wkh sd|r
dffuxlqj wr sod|hu  G
. EZ ' kqZE@c r n kE qZE@c _ n
E kqZEKc r n E kE qZEKc _ c +:,
zklfk  pxvw pd{lplvh z1u1w1 k1 Zh fdq frqvwuxfw . EZ olnhzlvh1 Lq wkh
sk|vlflvwv* mdujrq/ h{suhvvlrq +:, frxog eh ghqhg dv wkh ghqvlw| pdwul{ ri
zkhuh lw lv1 Wkh nqrzohgjh zh fdq surgxfh frqqhv wr wkh zdyh ixqfwlrq/ |lhoglqj wkh
suredelolw| wkdw wkh hohfwurq eh zlwklq d fhuwdlq lqwhuydo/ jlyhq lwv vshhg1
44Revhuyh wkdw wkh lqwhusuhwdwlrq L dp sursrvlqj khuh grhv qrw prgli| wkh hvwdeolvkhg
zlvgrp derxw wkh vrxufh dqg hyroxwlrq ri wkh wkhru| ri h{shfwhg xwlolw| +vhh/ lqwhu dold/
Ilvkexuq dqg Zdnnhu/ 4<<8,1
<
wkh jdph iru sod|hu / dqg frxog eh uhduudqjhg dv iroorzv=
( EZ ' kqkZE@c rmrl n kE  qkZE@c _m_ln
E  kqkZEKc rmrln E  kE qkZEKc _m_l  +;,
Rqh frxog udlvh wkh remhfwlrq wkdw/ lq d jdph/ suredelolwlhv duh fkrvhq e|
sod|huv/ zkloh lq sk|vlfv wkh| duh jlyhq e| Qdwxuh1 Dv d frxqwhu0remhfwlrq/
rqh frxog sxw iruzdug wkh prgho ri wkh pdunhw iru ohprqv +Dnhuori/ 4<:3, ru
wkh jdphv looxvwudwhg lq Edvvdq/ Vfduvlql dqg ]dplu +4<<:,/ ru hovh srlqw wr
wkh jdphv zlwk lqfrpsohwh lqirupdwlrq +Kduvdq|l/ 4<9:,/ zkhuh wkh vwdwhv ri
wkh zruog duh pxwxdoo| h{foxvlyh dqg uhdolvh zlwk suredelolwlhv glfwdwhg e|
Qdwxuh1
Dv dq looxvwudwlyh h{dpsoh ri wkh odwwhu fodvv ri jdphv/ rqh frxog h{dplqh
wkh ehkdylrxu ri d up +vd|/ iru vlpsolflw|/ d prqrsrolvw, lq d pdunhw zkhuh
wkh ghpdqg ixqfwlrq lv vwrfkdvwlf +vhh Ohodqg/ 4<:5> Nohpshuhu dqg Ph|hu/
4<;9/ 4<;</ lqwhu dold,1 Vxssrvh ghpdqg fdq wdnh dq| ydoxh i/  ' c 2c ?c
zlwk i : i3  Ghqh dv
 REi wkh suredelolw| ri i/ zlwk
S
?
'
REi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 ZEic ^ wkh surw dffuxlqj wr wkh up lq vwdwh  
Wkh vwdwhv ri wkh zruog iij pd| uhihu wr wkh srolwlfdo vlwxdwlrq/ wkh rlo
fulvlv/ dqg vr rq dqg vr iruwk1 Zkdw pdwwhuv lv wkdw wkh| uhodwh wkh surwv ri
wkh up wr h{rjhqrxv hqylurqphqwdo ihdwxuhv frqwuroohg e| Qdwxuh1 H{ dqwh/
wkh up fkrrvhv wkh rxwsxw ohyho lq rughu wr pd{lplvh wkh h{shfwhg ydoxh
ri surwv/ l1h1/ .EZ '
S
?
'
REi  ZEic ^ Wklv frxog eh wudqvodwhg lq
wkh mdujrq ri sk|vlfv e| vd|lqj wkdw wkh up dlpv dw pd{lplvlqj wkh ghqvlw|
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pdwul{ ri surwv1 H{ srvw/ wkh htxloleulxp surwv dffuxlqj wr wkh up zloo
ghshqg xsrq wkh suhflvh uhdolvdwlrq ri i Wkdw lv/ wkh ydoxh ri Z ehfrphv
nqrzq dv vrrq dv wkh uhgxfwlrq ri wkh vwdwh yhfwru wdnhv sodfh1
Wkhuh duh hfrqrplf sureohpv zkhuh wkh hfrqrplf djhqw*v h{ dqwh nqrzo0
hgjh lv vx!flhqw wr uhyhdo zlwk fhuwdlqw| krz wkh vlwxdwlrq zloo orrn olnh h{
srvw1 Wr looxvwudwh wklv lvvxh/ frqvlghu wkh iroorzlqj vlpsolhg yhuvlrq ri Dn0
huori*v +4<:3, ohprqv pdunhw/ zkhuh ohprqv duh orz0txdolw| vhfrqg0kdqg fduv1
D fxvwrphu/ lqwhuhvwhg lq ex|lqj d vhfrqg0kdqg fdu/ idfhv d srsxodwlrq ri vhoo0
huv/ hdfk rhulqj d fdu zkrvh txdolw| fdq eh hlwkhu ^ ' M ru ^ ' u EM : uc
zlwk suredelolw| REM ' REu ' *2 Wkh phwdskru xvxdoo| dgrswhg wr whoo
wklv vwru| lv wkdw Qdwxuh h{wudfwv udqgrpo| rqh vhoohu iurp wkh srsxodwlrq ri
vhoohuv/ kdoi ri zklfk kdyh jrrg txdolw| fduv1 Wkhuhiruh/ d sulrul/ wkh srwhqwldo
ex|hu fdq frpsxwh wkh h{shfwhg txdolw| dv .E^ ' EM n u*2 Wklv lv dovr
wkh sulfh wkh ex|hu lv zloolqj wr sd|1 Lq wkh v|perorj| dgrswhg lq sk|vlfv/
vxfk h{suhvvlrq zrxog zulwh dv wkh iroorzlqj ghqvlw| pdwul{ ri txdolw|=
(E^ '

2
kMmMln

2
kumul  +<,
Wklv/ h{ dqwh/ hqwdlov wkh ryhuodsslqj ri txdolwlhv +ru vwdwhv, lq d txdqwdo
vhqvh1 Lq wkh suhvhqw fdvh/ krzhyhu/ wkh froodsvh ri wklv ryhuodsslqj wdnhv
sodfh ehiruh wkh wudqvdfwlrq lv fduulhg rxw1 Wr vhh wklv/ h{dplqh wkh vhoohuv*
shuvshfwlyh1 Hdfk vhoohu nqrzv wkh txdolw| ri klv rzq fdu1 Khqfh/ dq| fdu
zklfk lv ehlqj rhuhg rq wkh pdunhw/ jlyhq wkh ex|hu*v hydoxdwlrq .E^ '
EM n u*2c pxvw qhfhvvdulo| eh d srru txdolw| rqh1 Wkhuhiruh pdunhw idlov
ehfdxvh wkh ex|hu nqrz wkdw kh frxog rqo| ex| d ohprq dw wrr kljk d sulfh1
44
Dsshqgl{= Gludf*v qrwdwlrq
Gludf +4<63/ 4<8;e, lqwurgxfhg wkh iroorzlqj qrwdwlrq wkdw dssolhv wr qlwh
glphqvlrqdo yhfwru vsdfhv dv zhoo dv wr Kloehuw vsdfhv1
Dvvrfldwh wr wkh zdyh ixqfwlrq  d vwdwh yhfwru ml c fdoohg nhw/ dqg ghqh
wkh txdqwlw| k)m dv eud145 Wkhq/
]
_%)W ' k)ml +d4,
Wkh lqwhjudo lqyroylqj dq rshudwru ` fdq eh zulwwhq dv
]
_%)W` ' k)m`l ' k)m` ml +d5,
Li d qxpehu  lv frqvlghuhg/ wkhq lw fdq eh wdnhq rxw ri eudfnhwv/ zlwk=
k)ml '  k)ml +d6,
dqg
k)ml ' W k)ml +d7,
Wkh ghqvlw| rshudwru lv
( ' ml km +d8,
Qrz/ vlqfh ml '
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
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 lv wkh frpsoh{ frqlxjdwh zdyh ixqfwlrq1 Vhh Jdvlrurzlf} +4<<9,1
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